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Analytic properties of zeta 
functions and subgroup growth 

By Marcus du Sautoy and Fritz Grunewald 
1. Introduction 

It has become somewhat of a cottage industry over the last fifteen years to 
understand the rate of growth of the number of subgroups of finite index in a 
group G. Although the story began much before, the recent activity grew out 
of a paper by Dan Segal in [36]. The story so far has been well-documented in 
Lubotzky's subsequent survey paper in [30]. 

In [24] the second author of this article, Segal and Smith introduced the 
zeta function of a group as a tool for understanding this growth of subgroups. 
Let a n (G) be the number of subgroups of index n in the finitely generated group 
G and sjq(G) = a\(G) + • • • + a^{G) be the number of subgroups of index ./V 
or less. The zeta function is defined as the Dirichlet series with coefficients 
a n (G) and has a natural interpretation as a noncommutative generalization of 
the Dedekind zeta function of a number field: 

CO 

(1.1) Cg(s) = $> n (G)n- s 

n=l 
H<G 

For example, without such a tool it would be difficult to prove that the 
number of subgroups in the rank-two free abelian group G = 1? grows as 
follows: 



(Z 2 )~(vr 2 /12) iV 2 



as iV tends to infinity. (Here f(n) ~ g(n) means f(n)/g(n) tends to 1 as n 
tends to infinity.) This is a consequence of the expression for the zeta function 
of the free abelian group of rank d: 

Cz<(s) = Cto---C(s-d + l) 
where £(s) is the Riemann zeta function. 
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The zeta function (1.1) defines an analytic function on some right half 
of the complex plane 3i(s) > a(G) precisely when the coefficients a n (G) are 
bounded by a polynomial. A characterization of such finitely generated resid- 
ually finite groups, groups of polynomial subgroup growth, was provided by 
Lubotzky, Mann and Segal [31]. They are groups which have a subgroup of 
finite index that is soluble of finite rank. 

In this paper we consider the analytic behaviour of the zeta function of 
the subclass of finitely generated nilpotent groups. This class of groups has 
the added bonus that their zeta functions satisfy an Euler product (see [24]): 

Cg(s) = I[Cg» 
p 

where the local factors for each prime p are defined as: 

oo 
n=0 

It was also proved in [24] that if the nilpotent group is torsion-free then these 
local factors are all rational functions in p~ s . However the proof gave little 
understanding of how these rational functions varied as p varied and was not 
sufficient to understand the global behaviour of (g( s )- 

In this paper we introduce some new methods to understand the analytic 
behaviour of the zeta function of a group. We can then combine this know- 
ledge with suitable Tauberian theorems to deduce results about the growth of 
subgroups in a nilpotent group. In order to state our results we introduce the 
following notation. For d£l and N € N, define 

s n(G) := £ 

n=l 

We prove the following: 

Theorem 1.1. Let G be a finitely generated nilpotent infinite group. 

(1) The abscissa of convergence a{G) of (g(s) is a rational number and 
Cg(s) can be meromorphically continued to $t(s) > a(G) — 5 for some 5 > 0. 
The continued function is holomorphic on the line 3ft(s) = (a)G except for a 
pole at s = a(G). 

(2) There exist a nonnegative integer b(G) G N and some real numbers 
c/el such that 

s N (G) ~ c-iV a(G) (log N) b(G) 
s a N {G \G) ~ C '.(logA0 6 ( G ) +1 

for N — > oo. 

Whether the abscissa of convergence is a rational number was raised as 
one of the major open problems in the field in Lubotzky's survey article [30]. 
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Note that the integer b(G) + 1 is the multiplicity of the pole of (g(s) at 
s = a(G). In [13] several examples are given where this multiplicity is greater 
than one. For example, the zeta function of the discrete Heisenberg group 

/ 1 Z 2 



G 



1 Z 
1 



has the following expression: 

Cg(s) = C(s)((s - l)C(2s - 2)C(2s - 3) • C(3s - 3)" 1 . 
The double pole at s = 2 implies that the growth of subgroups is: 

s N (G) ~ 2±J-N 2 log N 
v 1 2C(3) 

for N — ► oo. This was first observed in Smith's thesis [37]. This example has 
meromorphic continuation to the whole complex plane. In [22] it is shown that 
this is also true for any finite extension of a free abelian group. In general, 
though, these functions have natural boundaries as discussed in [13]. However 
we have introduced in a separate paper [16] the concept of the ghost zeta 
function which does tend to have meromorphic continuation. 

The proof of the meromorphic continuation of the zeta function of a nilpo- 
tent group depends on showing a more general result which holds for any zeta 
function which can be defined as an Euler product over primes p of cone inte- 
grals over Q. 

Definition 1.2. (1) Let tp(x) be a formula in the first order language (in 
the sense of logic) for the valued field Q p built from the following symbols: 
+ (addition), • (multiplication), | (here x\y means v(x) < v(y)), for every 
element of Q p a symbol denoting that element, =, A (and), V (or), n (not), 
and quantifiers 3x (there exists x £ Q p :) and Vx (for every x 6 Q p :). 

The formula ^>(x) is called a cone condition over Q if there exist nonzero 
polynomials (x) , g { (x) (i = I,..., I) over Q in the variables X — X 1 , • • • , x m 
such that ^>(x) is a conjunction of formulas 

«(/i(x)) < «^(x)) 

for i = 1, . . . , I. 

(2) Given a cone condition ^>(x) over Q and nonzero polynomials /o and 
go with coefficients in Q, we call an integral 

Zv(s,p)= I . |/ (x)n 50 (x)||dx| 

JVp={x£Z™:ip(x.) is valid} 

a cone integral defined over Q, where \dx\ is the normalized additive Haar 
measure on and V = {fo, go, fi, gi, ■ ■ ■ , fi, gi} is called the cone integral 
data. 
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(3) We say that a function Z(s) is defined as an Euler product of cone 
integrals over Q with cone integral data V if 

Z{s) = Z v (s) = J] (a^ -Z v (s,p)) 

p prime, a p , ^0 

where a Pi o = Zt>(cc,p) is the constant coefficient of Zx>(s,p); i.e., we normalize 
the local factors to have constant coefficient 1. 

We shall explain during the course of the analysis of cone integrals why 
%>,0 / for almost all primes p. 

In Section 5 we show that for a nilpotent group G, (g( s ) = Zj)(s — d)-P(s) 
where Zd(s) is defined as an Euler product of cone integrals over Q, P(s) = 
TlpeS Pp(P~ s ) where S is a finite set of primes, P p (X) is a rational function 
and d is the Hirsch length of G. (The Hirsch length is the number of infinite 
cyclic factors in a composition series for G.) 

We adapt some ideas of Denef introduced in [5] to give an explicit expres- 
sion for a cone integral, valid for almost all primes p in terms of the resolution 
of singularities (Y, h) of the polynomial F(x) = n!=o /i( x )#«( x )- I* 1 particular 
we show: 

Theorem 1.3. Let (Y, h) be a resolution over Q for F (x) = JlLo /i( x )#i( x ) 
and let Ei, i G T, be the irreducible components of the reduced scheme (h^ 1 (D)) red 
over Spec(Q) where D =Spec^^|^ . Then there exist rational functions Pj(x,y) 
G Q(x, y) for each I C T with the property that for almost all primes p 

(1-2) Z v (s,p) = Y / c P ,iPi(p,p- s ) 

ICT 

where 

c p j = cardja G Y(¥ p ) : a £ Ei if and only if i G /} 
anc? Y" means the reduction mod p o/ i/ie scheme Y. 

The -Ej are smooth quasiprojective varieties defined over Q and we can 
use the Lang- Weil estimates for the number of points on such varieties mod p 
to identify the abscissa of convergence of the global zeta function Zx>(s). 

However just knowing the shape of the zeta function from the expression 
(1.2) is not sufficient to infer that the Euler product of these expressions can 
be meromorphically continued beyond its region of convergence. For example, 

(1.3) 

converges for 3J(s) > but has K(s) = as a natural boundary. We give 
instead a subtler expression for the cone integrals. Rather than a sum over 
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the subsets of T, the indexing set of the irreducible components, this second 
expression is a sum over the open simplicial pieces of a natural polyhedral cone 
that one associates to the cone condition ijj. 

Theorem 1.4. There exist a closed polyhedral cone D in M> where 
t = cardT and a simplicial decomposition into open simplicial pieces denoted 
by Rk where k G {0, 1, . . . , w} . Let Rq = (0, . . . , 0) and Ri, . . . , R q be the one- 
dimensional pieces. For each k G {0,1,..., w} let C {l,...,q} denote 
those one- dimensional pieces in the closure Rk of Rk- Then there exist positive 
integers Aj,Bj for j G {1, . . . ,q} such that for almost all primes p 



where c p j k is as defined in Theorem 1.3 and Ik is the subset of T defined so 
that i G T\/fc if and only if the i th coordinate is zero for all elements of Rk ■ 

This expression (1.4) motivates the name cone integral. An explicit ex- 
pression is given for the integers Aj and Bj in terms of the numerical data of 
the resolution. It is contained in the proof of this theorem which appears in 
Section 3. At the end of Section 3 we also give an expression for the rational 
functions of cone integrals at primes with bad reduction, which shows that they 
are not far from the expression in (1.4). In particular, the local poles at bad 
primes are a subset of the candidate poles —Bj/Aj,j G {1, . . . ,q} provided by 
the expression (1.4) for good primes. 

With this combinatorial expression in hand, we can show that the patholo- 
gies of examples like (1.3) do not arise. In particular, we show that the abscissa 
of convergence of the global zeta function is determined by the terms in the 
expression (1.4) corresponding to the one-dimensional edges R±, . . . , R q . We 
then show how to use Artin L-functions to analytically continue a function 



beyond its region of convergence. We can then use various Tauberian theorems 
to estimate the growth of the coefficients in the Dirichlet series expressing 
Zd(s). In particular we prove the following: 

Theorem 1.5. Let Z(s) be defined as an Euler product of cone inte- 
grals over Q. Then Z(s) is expressible as a Dirichlet series Y^n=i ci n n^ s with 
nonnegative coefficients a n . Suppose that Z(s) is not the constant function. 

(1) The abscissa of convergence a of Z(s) is a rational number and Z(s) 
has a meromorphic continuation to $t(s) > a — 5 for some 5 > 0. The continued 
function is holomorphic on the line K(s) = a except for a pole at s = a. 



(1.4) 




like 
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(2) Let the pole at s = a have order w. Then there exist some real numbers 
c/el such that 

ai+a 2 + --- + a N ~ c • N a (log N)™' 1 
01 + a 2 2" a + • • • + a N N~ a ~ c'-(logiV) w 

/or N ^ oo. 

One of the key problems in this area was to link zeta functions of groups 
up to questions in some branch of more classical number theory. We restate 
Theorem 1.3 explicitly for groups as it provides just such a path from zeta 
functions of groups to the more classical question of counting points mod p on 
a variety. The path is quite explicit. We define in Section 5 a polynomial Fq 
over Q associated to each nilpotent group G. 

Theorem 1.6. Let G be a finitely generated nilpotent group. Let (Y,h) 
be a resolution over Q for the polynomial Fq- Let Ei,i G T be the irreducible 
components of the reduced scheme (h^ 1 (D)) rc ^ associated to h _1 (D) where 
D = Spec^-^^y^. Then there exist rational functions Pj(x,y) € Q(x,y) for 
each I C T with the property that for almost all primes p 

Cg, p (s) = c pJ p i(P?P~ s ) 
where IcT 

c p j = cardja 6 Y(¥ p ) : a G Ei if and only if i G /} 

and Y means the reduction mod p of the scheme Y. 

The behaviour of the local factors as we vary p is one of the other major 
problems in the field. For example in the Heisenberg group with entries from 
a quadratic number field, the behaviour of the local factors depends on how 
p behaves in the number field [24]. Our explicit formula however takes the 
subject away from the behaviour of primes in number fields to the problem of 
counting points mod p on a variety, a question which is in general wild and 
far from the uniformity predicted by all previous examples (see [24] and [15]). 
Two papers [11] and [12] by the first author contain an example of a class two 
nilpotent group of Hirsch length 9 whose zeta function depends on counting 
points mod p on the elliptic curve y 2 = x 3 — x. 

Given a nilpotent group G it is possible to construct and analyse the 
polynomial Fq in question. For example, in the free abelian group or the 
Heisenberg group, the polynomial does not require any resolution of singular- 
ities, as D in this case only involves normal crossings. Hence the Ei,i £ T, 
in this case are just the irreducible components of the algebraic set Fq = 0. 
However this is not true in general. For example the class two nilpotent group 
defined using the elliptic curve mentioned above has an Fq whose singularities 
are not normal crossings and which therefore require some resolution. 
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We have put the emphasis in this introduction on applying these cone 
integrals to the question of counting subgroups in nilpotent groups; however 
our results extend in a number of other directions. 

(1) Variants of our zeta functions have been considered which count only- 
subgroups with some added feature, for example normal subgroups. Define 

dn{G) = c&t&{H : H is normal subgroup of G and \G : H\ = n}, 
Cg(s) = E a n(G)n-. 

Our theorems hold for this normal zeta function and many of the other variants. 

(2) Let L be a ring additively isomorphic to Z d . Define 

a n (L) = c&id{H : H is a subring of L and \L : H\ = n}, 
a^{L) = card{if : H is an ideal of L and \L : H\ = n}. 

Zeta functions of L were also defined in [24] as the Dirichlet series 

Cl{s) = ^a n (L)n- s , 

Cl(s) = £a«(L)n- 

It was pointed out in [24] that these zeta functions have an Euler product; as 
for the case of nilpotent groups: 

Cl(s) = n Cl®z p (s), 
p prime 

ci(s) = n cw s )- 

p prime 

Unlike the situation for groups, there is no need to make an assumption of 
nilpotency in the case of rings. We can therefore consider examples like L = 
st2(Z) or the Z-points of any simple Lie algebra of classical type. We then get 
the following: 

Theorem 1.7. Let L be a ring additively isomorphic to T, d . Then there 
exist some rational number a{L) G Q, a nonnegative integer b{L) G N and 
some real numbers c, d G M. such that (l(s) has abscissa of convergence a(L) 
and 

s N (L) := ai (L) + a 2 (L) + ■ ■ ■ + a N (L) ~ c ■ N a ^ (log N) b(L) , 
s a N (L) (L) := ai(L) + a 2 (L)2- a ^ + ■■■+ a N {L)N- a ^ - c • (\ogN) b{L)+1 

for N — > oo. 

There is a similar theorem for the invariant a^{L) counting ideals. 
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We actually prove this theorem as part of our proof of Theorem 1.1, mak- 
ing use of the fact that for a nilpotent group G there is a Lie algebra L(G) 
defined over Z with the property that for almost all primes p 

CgA s ) = (l(g)A s )- 

This fact was established in [24]. We also use the fact that for those finite 
number of primes for which this identity does not hold, we still know that 
Cg,p( s ) i s a rational function whose abscissa of convergence coincides with that 
of Cl(G)A s )- 

In [23] the first author and Ph.D. student Gareth Taylor have calculated 
the zeta function of the Lie algebra 5(2 (Z) by performing three blow-ups on the 
associated polynomial F g [ 2 , z y The paper shows that our method can even be 
applied to bad primes (p = 2 for 3(2 (Z)) where the resolution of singularities 
of ^ s [ 2 (z) does not have good reduction. It is established in [23] that 

C s [ 2( z)(s) = C(-)C(- - 1)C(2* " 2R(2* - 1)C(3* - I)" 1 • (1+ ( i rr.2-t' ) 2 ' 3S) - 

Note that this example has a single pole at s = 2. This means then that the 
subalgebra growth, in contrast to the 3-dimensional Heisenberg-Lie algebra, is 
s;v(sb(Z)) ~ c-N 2 for N — > 00 where c = |^ • ■ (This example for good 

primes had been calculated previously in [10] using work of Ishai Hani [27]. 
However the calculations of Hani are heavy. The simplicity of the calculation 
in [23] is a good advertisement for the practical value of the methods developed 
in the current paper.) 

(3) Let G be a linear algebraic group over Q. Let p : G — > GL n be a 
Q-rational representation. Define the 1 local zeta function of the algebraic group 
G at the representation p and the prime p' to be 



Zg, P j>( 8 )= l det p(9)\' wig) 



where G + = p~ x (p (G (Q p )) f~l M n (Z p )) and p,Q denotes the right Haar measure 
on G(Qp) normalized such that p,c {G (Z p )) = 1. 

We define the 'global zeta function of G at the representation p' to be the 
Euler product 

z gA s ) = U z g,pA s )- 
p 

Such zeta functions were first studied by Hey and Tamagawa in the case 
that G = GL; + i where ZqA s ) = C( s ) " " " C( s — 0- Note that this zeta function 
is precisely the zeta function Q I i+i{s). More generally in [24] the zeta functions 
ZqA s ) are shown to count subgroups H in a nilpotent group T with the 
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property that the pro-finite completions are isomorphic; i.e. H = T. In this case 
the algebraic group G is the automorphism group of T. A result of Bryant and 
Groves shows that any algebraic group can be realised modulo a unipotent 
group as the automorphism group of a nilpotent group. In [15] an explicit 
expression is given for the local factors of a class of nilpotent groups in terms 
of the combinatorics of the building of the algebraic group. The local zeta 
functions Zg, p , p (s) can be expressed in terms of cone integrals. Hence our 
results apply to these zeta functions. 

Although our results imply we can meromorphically continue the zeta 
function Zg, p {s) past its abscissa of convergence, this zeta function in general 
has a natural boundary, except for the case of G = GL; + i (see [13]). However 
we have discovered a procedure which produces something we call the ghost zeta 
function associated to Zg iP (s) which often turns out to have a meromorphic 
continuation to the whole complex plane (see [16] and [17]). 

(4) Let g(n, c, d) be the number of finite nilpotent groups of size n of class 
bounded by c and generated by at most d elements. In [14] the zeta function 
(j\f(c,d) = Y^n=i <?( n i c ) d)n~ s is shown to be expressible as the Euler product of 
p-adic cone integrals. Hence the results of this paper imply that asymptotically 
g(n, c, d) behaves as follows: 



5 (1, c, d) + g(2, c, d) + • ■ • + g(N, c,d)~c-N a (log N) b 

for N — > oo where a € Q, b G N and cel. The details are explained in [9] 
and [14]. 

(5) The Igusa zeta function of a polynomial /(x) is defined as 



Hence it is a particular example of a cone integral where the cone condition ip 
is empty. The global zeta function that one can define as the Euler product 
of these Igusa zeta functions (normalized to have constant coefficient 1) is a 
special case of our analysis. We consider in a future paper [20] the analytic 
properties of such global Igusa zeta functions and in particular that they ap- 
pear to have natural boundaries in a similar fashion to the examples discussed 
in [13]. In [34] Ono considered a special case of these global Igusa zeta func- 
tions and established their region of convergence. He considers the case where 
the polynomial /(x) is absolutely irreducible and makes use of the Lang- Weil 
inequality on the number of rational points of a variety as we have. In the 
special case that the hyper-surface /(x) = is nonsingular, he demonstrates 
some analytic continuation. Our work may be seen as a vast generalization of 
Ono's results. 

The results of this paper were previously announced in [18]. 
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Notation 

Q p denotes the field of p-adic numbers. 
Z p denotes the ring of p-adic integers. 

For x £ Q p , |x| denotes p -1 ^) where v(x) is the p-adic valuation of x. 

N denotes the set {0, 1, 2, . . .} . 

N>o denotes the set {1, 2, . . .} . 

R >0 denotes the set {s £ R : s > 0} . 

R> denotes the set {s £ R : s > 0} . 

Z* denotes the units of Z p . 

/(n) ~ g(n) means f(n)/g(n) tends to 1 as n tends to infinity. 
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sions concerning the Tauberian theorem. We also thank Benjamin Klopsch 
and Dan Segal for alerting us to the potential dangers of bad primes in ap- 
plying the Tauberian theorem. The first author would like to thank the Royal 
Society, the Max-Planck-Institute in Bonn and the Heinrich Heine Universitat 
in Diisseldorf for support and hospitality during the preparation of this paper. 



2. An explicit formula for cone integrals 

In this section we give a proof of Theorem 1.3 and recall from the intro- 
duction the definition of a cone integral: 

Definition 2.1. (1) Call a formula ^>(x) in the first order language for 
the valued field Q p a cone condition over Q if there exist nonzero polynomials 
/i(x), <7j(x)(i = 1, . . . , I) over Q in the variables x = x±, . . . , x m such that ^>(x) 
is a conjunction of formulas 

«(/i(x)) < u(<fc(x)) 

for i = 1, . . . , I. 

(2) Given a cone condition ^>(x) over Q and nonzero polynomials /o and 
go with coefficients in Q, we call an integral 

Zv(s, P )= I . |/ (x)n 50 (x)||dx| 

Jy p =|xGZjj i :i/'(x) is valid} 

a cone integral defined over Q, where |<ix| is the normalized additive Haar 
measure on and V = {fo, go, fi, 9i, ■ ■ ■ , fh gi} is called the cone integral 
data. 

We are going to use resolution of singularities to get an explicit formula 
for such cone integrals valid for almost all primes p. We follow Section 5 of [5]. 
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Definition 2.2. A resolution (Y, h) for a polynomial F over Q consists 
of a closed integral subscheme Y of (where Xq = Spec(Q[x]) and ^Xq 

denotes projective A;-space over the scheme Xq) and the morphism h : Y — ► X 
which is the restriction to Y of the projection morphism ^Xq ~^ ^Q> sucn 
that 

(i) Y is smooth over Spec(Q); 

(ii) the restriction h : YVi _1 (.D) -> X\D is an isomorphism (where D = 
Spec (py) C Xq); and 

(hi) the reduced scheme (/i -1 (-D)) rc d associated to h~ l (D) has only normal 
crossings (as a subscheme of Y). 

Let Ei, i e T, be the irreducible components of the reduced scheme 

(/i~ 1 (- D ))red over s P ec (Q)- For * G T > let N» be the multiplicity of E, L in the 
divisor of F o /i on 1" and let i/j — 1 be the multiplicity of Ei in the divisor of 
h*(dx± A • • • A dx m ). The (iVj, i/j) i £ T, are called the numerical data of the 
resolution (Y, /i) for F. 

Let us recall some necessary facts about reduction of varieties mod p. 
When X = Xq = Spec(Q[x]) one defines the reduction mod p of a closed 

integral subscheme Y of ^*Xq as follows: let X = Spec(Z[x]) and Y be the 
scheme-theoretic closure of Y in P ~ . Then the reduction mod p of Y is the 

scheme Y x^Spec(F p ) and we denote it by Y. Let h : Y —>■ X be the restriction 
to Y of the projection morphism P~ — > Xq and /i : Y — > X be obtained from 

h by base extension. 

Definition 2.3. A resolution (Y, /i) for F over Q has good reduction mod p if 

(1) Y is smooth over Spec(F p ); 

(2) Ei is smooth over Spec(F p ), for each % G T, and IJier nas on ly normal 
crossings as a subscheme of Y; and 

(3) i% and Ej have no common irreducible components, when i ^ j. 

Note that a resolution over Q has good reduction for almost all primes p 
(see Theorem 2.4 of [5]). 

Let (Y°,h°) be a resolution for the polynomial F = IIi=o /» ' 5* over 
Q, and p be any prime such that (Y°, has good reduction mod pZ p and 

n!=o fi ' 9i 7^ 0- Here 7 means reduction mod p . Let (Y, /i) be the resolution 
over Q p obtained from (Y°, by base extension. 
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Let a G Y(¥ p ). Since we consider Y as a closed subscheme of Y , a is 
also a closed point of Y . Let T a = ji G T : a G = jz G T : a G . Let 
r = cardT a and T a = . . . , i r } . Then in the local ring O y a we can write 

F o h = ucf' 1 ■ ■ ■ Cr tT 

where q G Or; generates the ideal of Ei i in 0~ and u is a unit in Or; . 
Since /« and y^ divide F we can also write for % = 0, . . . , I 

/.oft = u fi c^ fi) .-.^\ 

9, oh = u g ^...c^. 

Put 

J a (s,p) = \fo°h\ s 1 50 ° /*| A • • • A cfa m )| 

where we define 6 as follows: Let H = {b G y(Q p ) : G Z™}. A point 
6 G H C y(Q p ) can be represented by its coordinates (xi, . . . , x m , yo, . . . , y&) 
in x P^(Qp) where (xi, . . . , x m ) G and yo> ■ ■ ■ >2/fc are homogeneous 
coordinates which can therefore be chosen such that min i=0 ordy^ = 0. The 
map : H — > y (F p ) is then defined as follows: 0(6) = (xT, . . . , 3^7, yo, . . . , y^) G 
F(F P ) C P|(F p ). 

Then Z v (s,p) = J2 a eY(¥ p ) J a( s ,P)- Now we have 



J a (s,p) = / | Cl |JVii(/o)-+JVi 1 0«))+«'i 1 -i . . . 

Je- 1 (a)nh- 1 (v v ) 



■ ■ ■ \ Cr \^Afo)s+N lr (9u)+u lr -l \ dciA ... AdCm \_ 

Since c±, . . . , belong to the maximal ideal of Oy , we have c±(b), . . . , c m (b) 
G pL p for all b G _1 (a). The map 

c : 0- : (a) - (pZ p ) m 
b i ^ (ci(6),...,c m (6)) 

is a bijection. Hence 
(2.1) " 

Ja(M = / |y 1 |^i(/o)^ 1 (3o)+^ 1 -l . . . | yr |^(/o)-+^a»)+^-l | d | . . . | dym | 

where is the set of all y = (yi, . . . , y m ) G (pZ p ) m satisfying, for z = 1, . . . , I, 

r r 

£^-(/i)°n%) < ^iV Jj (y l )ord(y J ). 
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Let A jA = N^ifo) and B jA = N i:j (g ) + for j = l,...,r and 
A j:a = 0, B jia = 1 for j > r. Then 

j ( S , P ) = ^ p -Er=i^(^.-»+ B i.-- i )(p-*i_p-*i-i)... 

(fci,...,fe m )6A 

• • • (p" fcm -p _fem_1 ) 

(fei,...,fe m )GA 
where A,- j0 G N and Bj A G N and 

A = | (fci, • • • , fem) G N™ : ^ AT,. (/^ < £ AT,. (^ for i = 1, . . . , I | . 

Thus A is the intersection of N> and a rational convex polyhedral cone C in 
M> - We can wr it e this cone as a disjoint union of simplicial cones C\, . . . , C w 
of the form: 

Cj = {aifji H h a mi u imi : ot 3 - G R >0 , for j = 1, . . . , 

where {vn, . . . ,Vi mi } is a linearly independent set of vectors in W m with non- 
negative integer coordinates and with the property that a fundamental region 
of the lattice spanned by vn, . . . , Vi mi has no lattice point of Z m in its interior 
(see p. 123-124 of [1]). Then A can be written as the disjoint union of the 
following sets: 

Ai = {hvn H h J mi u imi : Zj G N >0 for j = 1, . . . , . 

Put = (ty-fci, • • • , <?jfcm) G N m for k = 1, . . . , wij. Hence 

= (i - ,-te n 

3 = 1 k = l r 

where A k>aJ = Ya=i QjkiA,a G N and J3 fc)0 j = £™ x <?jfci-Bi,a G N. 

Notice that the above calculations just depended on which components 
Ei contained a. If T ai = T a2 then J ai (s,p) = J a2 (s,p). So for each I C T let 

Cpj = card{a G Y(¥ p ) : a G Ei if and only if z G /} 

and put = A k:a>j and B^/j = B k>a j for any a G {a G F(F p ) : a G 

if and only if z G /} where j = l,...,wi and w;/ is the number of simplicial 
cones defined by the linear inequalities corresponding to /. Then we have a 
final formula for Zx>(s,p): 

(2.2) ^ (a , P) = (i -p-r e ^e n t .-,^/ 

ICT j=\ k=l 1 P 
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Note that if A^jj = and B^jj = 1, which will correspond to a bit of 
the integral like J pZp \dy m \, then we get (1 — p^ 1 ) • ^^-i^ which is correct. 

This completes the proof of Theorem 1.3. Note that this expression (2.2) 
for Zx>(s,p) holds for all primes for which the resolution (Y, h) had good re- 
duction. 

We could also consider a cone integral defined over Q p rather than Q 
whose cone data V consisted of polynomials in Q p [x]. Our formula (2.2) would 
still be valid for such integrals provided that the resolution had good reduction 
mod p. 

Notice that, as we vary p, the only things in this formula which depend 
on p are the terms c p j. 

We should note that there is one term which is always a constant term in 
the expression for our final formula (2.2) corresponding to the subset 7 = 0; 
then u>0 = 1, mi = m and ^4fc l = an d B^ $ i = 1 for k = 1, . . . , m. Hence 
the term corresponding to the subset 7 = has the following form: 

(2.3) 

j=l k=l 1 v f ) 

= c p3 p~ m . 

since the restriction h : Y\h~ 1 (D) -> X\D is an isomorphism (where D = 
Spec(ff)cX Q ) 

c Pi = card{a G Y(¥ p ) : a g E { for all i G T} 
= card X(¥ p ) -card D(¥ p ). 

The term (2.3) is part of the constant term of the rational function Zx>(s,p). 
The other parts of the constant term come from those I C T and j G {l,...,wi} 
such that Ak ij = for all k = 1, . . . , rrij. 

Note that by dimension arguments for p large enough, cardX(F p ) > 
card-D(Fp). Hence c p $ > for almost all primes p and the constant term 
a p fi in a cone integral is nonzero for almost all primes p as promised in the 
introduction. We give a lower bound for this constant in Section 4. 

3. A second explicit expression for cone integrals 

The explicit expression (2.2) determined in the previous section has a 
number of advantages. It expresses the function as a sum over the subsets of 
I which identifies precisely the bits c Pt j which depend on p. This form of the 
sum is also more amenable to Denef and Meuser's proof that the Igusa local 
zeta function (where tp is the empty condition) satisfies a functional equation 
(see [6]). 
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However, for the analysis of the analytic properties of the global zeta 
function, as explained in the introduction, it is preferable to work with a second 
explicit formula (to be established) where the cone integrals are written as a 
sum over open simplicial pieces of a single cone defined in cardT dimensions, 
where each open simplicial piece of the cone gets a weight according to the size 
of / and c p j. 

We give a proof in this section of Theorem 1.4 where all the data in the 
formula, e.g. Aj and Bj, are identified explicitly in terms of the numerical data 
of the resolution and the underlying cone. 

The cone is defined as follows: 

= J (xi, . . . , x t ) € M*> : £ N j{fi) x j < E N j(9i)xj for i = 1, .... 1 1 
[ 3=1 j=i J 

where cardT = t and M>o = {x € M : x > 0}; so this is a closed cone. Denote 

the lattice points in Dt by At, i.e. = Dt n N*. We can write this cone 
as a disjoint union of open simplicial pieces called Rk, k = 0,1, ... ,w where 
a fundamental region for the lattice points of Rk has no lattice points in its 
interior. We shall assume that Rq = (0, . . . , 0) and that the next q pieces are 
all the open one-dimensional edges in our choice of simplicial decomposition 
for the cone Dt'- for k = 1, . . . , q, 

R k = {ae k = a(q k i, qkt) ■ a > 0} . 

Since these are all the one-dimensional edges, for any 
exists some subset M k C {1, . . . ,q} such that 

Rk = I ^2 a j e j : «j > for all j € Mk 

Note that := cardM& < t. 

Define for each k = 1, . . . , q the following constants: 

t 

(3.1) A k = Y.^jN.Uo), 

3=1 
t 

Bk = 1 k J ( N 3 (9o) 

3=1 

For each subset IcTwe previously defined a rational convex polyhedral 
cone Ci with lattice points A/ which we broke down into simplicial cones 
C[, . . . , Cfyj with corresponding lattice points A{, . . . , A^. These were cones 
in the open positive quadrant M> . We are going to use the new cone Dt to 
express the same rational function that we associated to Cj. 



k £ {0, . . . , w} there 

1 
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For each I C T define: 

Di = { (fci,... ,h) G : ki > if i G I and h = if i G T\l} , 
A/ = D/HN*. 

So £>t = U/crAn a disjoint union. The reason we chose the notation 
Dt is of course because it is the closure then of defined as above. 
For each I C T there is then a subset Wj C {0, . . . , w} so that 

Di= |J i? fe . 

fcgWj 

We now have the following: 
Lemma 3.1. 



™£ p-(^fc,/,j«+- B fc,/, J 



7 = 1 k = l L P 



Corollary 3.2. Sef c Pi fc = c Pi / and 1^ = I if k €. Wj. Then for all 
primes p for which the resolution has good reduction, 



z v ( s , P ) = j2(p-i) lIkl p- m c P ,k n ytha 

k=o jeM k 1 P 

Proof. We go back to the integral expression (2.1) for J a (s,p) where a 6 
{a G 5^(F P ) : a G £"j if and only if i G J}. The calculations of the previous 
section gave: 

. ^ ™j p -{Ak,i, j s+B k , I , j ) 

jJs.p) = (i - P-T E n rr^w^ - 

j=lk=l L v 
We can rewrite the expression for J a (s,p) as 



is/ ig/ 
where V^' is now the set of (zi) ieI G (pZ p )' 7 ' satisfying for j = 1, . . . , I 



^^(/,)ord(^) < ^^( 5j )ord(^)- 
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By the definition of Aj = Dj n N* C this then reduces to 

j ( S)P ) = p-( m -l / D(i- p - 1 )l 7 l V p -E-=i^(^(/o>+^(so)+^) 

(fci,...,fc t )eAj 

= £ p-Cm-IJD^.p-ljI/l 

(fei,...,fc t )eiifcnN* 
since = UfceW-j ^fc- Because 

i4 n N* = < a J e i : a i G N >o for a11 3 £ M k \ , 

by making a change of variable as in the previous section and using the defi- 
nitions (3.1) of Ak and for k = 1, . . . , q, we get 

fceW/ jeM k L v 

This completes the proof of the lemma. □ 

Recall that even if the dimension of the simplicial piece has gone down 
(i.e. rrik < \I\ ), we will still get a (1 — p~ r ) for each variable. For example, the 
integral J z2 \x\ s \y\ s over v(x) = v(y) is (1 — p _1 ) 2 (l — p~ 2 ( s+1 )) _1 . The second 
point to note is that c p j = for any I CT for which card / > m, where m is 
the number of variables in the original integral. 

We conclude this section by showing that even for primes of bad reduction, 
the rational expression for these local factors is not too far from the explicit 
expressions established here for good primes. In particular we can establish 
that the candidate local poles for the bad primes are a subset of the candidate 
poles {—Bj/Aj : j = 1, . . . , q} for the expressions for the good primes. We 
follow Igusa's original proof of the rationality of the local zeta functions (see 
[25] or the more recent volume [26]). The essential observation is that the 
resolution of singularities over Q is still a resolution of singularities for all 
Q p regardless of whether the prime has good or bad reduction. We can then 
establish the following: 

Proposition 3.3. For each prime p, there exists a finite set B p such that 
for each b G B p there is an associated subset 4cT and integer such that 

(-—ehiAaS+Bj) 
e J >-"--"»>(i -„-)"•' n / V - (A „ +Bl) 
kew Ib j€M k 1 P 
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Proof. Since (Y, h) is a resolution of singularities over Q p for the poly- 
nomial F, H = {x G Y(Qp) : G can be written as a finite dis- 
joint union of open subsets U(b), b E B p , such that U(b) has a surjective 
chart (ftu(b) '■ U(b) — ► p 66 Z™ for some E N. Associated to each chart 
there is a subset = {ii, . . . ,i r } C T such that for every y G £/(&) with 

4>u{b){y) = {yi,---,y m ) 

fioho^ 1 ^ ( yi ,...,y m ) 
We can use these charts as before to express our cone integral for p as 

beBp 

where 





AM/*) 

t/l 




yr 




A n ( 9l ) 




Ni r (9i) 

yr 



Jb( s ,p) = / 



|A il (/o)s+ATi 1 ( S o)+^ 1 -l . . . \ y jN ir (fo)s+N ir (go)+v ir -l 



and is the set of all (yi, . . . , y m ) G p eb Z™ satisfying, for z = 1, . . . , I, 



£^(/i)°n%) < X;^(5i)ord( yj )- 
i=i i=i 

Our analysis of these integrals, as before, implies the statement of the 
theorem. □ 

Corollary 3.4. For all primes p, the abscissa of convergence of Zx>(s,p) 
is one of the rational number —Bj/Aj where j = 1, . . . , q and Aj / 0. 



4. Zeta functions defined as Euler products of cone integrals 

We now turn to analysing the global behaviour of a product of these cone 
integrals over all primes p. 

We make some normalisation of the cone integrals so that the constant 
coefficient of the local factors is 1 . 

Definition 4.1. Let Zd(s,p) be a cone integral defined over Q. Then 
denote by a Pt o the constant coefficient of the power series in p~ s representing 
the rational function Zx>(s,p). 

Definition 4.2. We say that a function Z(s) is an Euler product of cone 
integrals over Q with cone integral data V if 

Z(s) = Z v (s)= J] {%fi-Zv(s,p)). 

p prime, a Pi0 ^o 
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Remark 1. In our analysis we shall want to exclude the trivial case where 
Zv{s,p) = a p fi for all p. A constant function converges everywhere so that its 
analysis is not of interest. To check whether a cone integral is constant we 
need to check whether 

jx € Z™ : / (x) = mod p and ip(x) is valid j 

is empty for all p. 

Theorem 4.3. A nonconstant function Z(s) defined as an Euler product 
of cone integrals over Q has a rational abscissa of convergence a £ Q. 

Proof. Let Q = Q\ U Q2 denote the finite set of primes where the Q\ are 
those primes p with bad reduction for which a Pi o 7^ and the Q2 are those p 
for which a Pi o = 0. Let W[ denote the set of those k for which J2j^M k A? ^ 0- 
Put W' = U/ct W 7 /- Th en: 
(4.1) 



z V ( S ) = p( S ) . 11 ii + e ^-(p-ijw n /-r 



'°P.O , pM l-p 



p£Q \ keW f' u j&M k 

where P(s) = Y\ pe Q 1 Z v (s,p) = Y\ pe Q l Pp(P~ s ) anci Pp{ x ) is a rational func- 
tion in Q(X). Note that the abscissa of convergence of P p {p~ s ) is a rational 
number since by the formula for bad primes (3.2) the denominator is a product 
of terms of the form (1 — p~( A i s + B j)^ where j £ {1, . . . ,q}. It will suffice to 
prove that 

SsJL n -m (n _u\Ik\ TT _P- 



p^q \ hew "p> u jeM k 

has a rational abscissa of convergence. 

We explain now a few facts about counting points on the reduction of 
varieties mod p. 

The Lang- Weil estimate [29] will be a crucial tool: 

PROPOSITION 4.4. There is a constant C = C(f, k) such that every 
absolutely irreducible quasiprojective variety E C P fc defined over ¥ p of degree 
f and of dimension d satisfies 

card£(F p ) - p d < Cp^ 1 / 2 . 

We shall be interested in counting points on X, the reduction mod p of a 
variety X defined over Q which is irreducible over Q. Let d be the dimension 
of X. The reduction X need not be irreducible as a variety over ¥ p . 

Let Q be the algebraic closure of Q and G its Galois group. Consider the 
decomposition 

X = Xi U • • • U X n 
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of X into irreducible components over Q. The Galois group G acts transitively 
on the set of components {Xi, . . . , X n } because X is defined over Q. Since the 
action is transitive all the Xi also have dimension d. Let U < G be the kernel 
of this action and put L = Q u . Then L is a finite Galois extension of Q with 
Galois group Q = G/U and every Xi (i = 1, . . . , n) is defined over L. 

For every prime number p we choose a prime ideal p in L which divides p. 
We write Ip < Dp < G for the corresponding inertia, respectively decomposi- 
tion group. If p is unramified in L, that is, Ip = {1}, we denote by Frob p the 
conjugacy class in Q consisting of the Frobenius elements. 

We choose a finite set of primes S such that for every p ^ S the following 
are satisfied: 

(1) the reduction X mod p of X is smooth; and 

(2) p is unramified in L. 

We define a function associated to the variety X which will be an essential 
tool in analysing our zeta functions. 

Definition 4.5. Let X be a smooth quasiprojective variety defined over 
Q which is irreducible over Q. Define l p (X) to be the number of irreducible 
components (defined over ¥ p ) of X, the reduction mod p of X, which are 
absolutely irreducible. Define 

V x (s)=l[(l-l p (X)p- s ). 

v 

We prove the following important properties of this function Vx(s): 

Lemma 4.6. (1) The abscissa of convergence ofVx(s) is 1. 

(2) There is a 5 > such that Vx(s) has a meromorphic continuation to 
the half -plane 3?(s) > 1 — 5. 

Proof. We apply the set-up introduced above. The finite group Q acts 
on {X±, . . . ,X n } and we write M for the corresponding (complex) permuta- 
tion module. We obtain a complex finite-dimensional representation p : Q — > 
GL(M). Denote by Tr(p(Frob p )) the trace of a representation of the conjugacy 
class Frobp where p S. We claim that 

(4.2) Tr(p(Frob p )) = l p (X) 

for all p ^ S. To prove this we let X±, . . . , X n be the reductions of Xi, . . . , X n 
mod p. These are absolutely irreducible, smooth quasiprojective varieties de- 
fined over the residue field Fp corresponding to the prime ideal p. Let Qp 
be the Galois group of Fp over ¥ p . Then Qp acts on the set of components 
Xi, . . . , X n and the reduction mod p is an equivariant map from {X±, . . . , X n } 
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to . . . , X n j with respect to the natural isomorphism from Dp to Qp. Hence 
the number of fixed points of Q on {Xi, . . . ,X n } is also equal to l p (X) and 
formula (4.2) follows. 

We are now ready to prove statement (1) of Lemma 4.6. Clearly l p {X) 
is bounded by the number n of absolutely irreducible components of X. This 
implies that the abscissa of convergence of Vx(s) is less than or equal to 1. 
On the other hand the set of primes p £ S such that Frob p = {1} has nonzero 
arithmetic density by Cebotarov's theorem (see [32]). This establishes (1). 

Finally to prove (2), we define 

Lx(s) = J] det (1 " P(Frob p ) • p- s y l . 
P <£S 

This Euler product is up to finitely many Euler factors equal to the Artin 
L- function of p. It is well known that Lx(s) has abscissa of convergence 1 and 
also has a meromorphic continuation to all of C (see [32]). From formula (4.2) 
we infer that 

n 

det (1 - p(Frob p ) • p- s ) = 1 - l p (X) -p^ + Y. a ^ ks 

k=2 

with suitable a&. It follows that 

oo 

(1 - l p (X) ■ p- s ) (det (1 - p(Frob p ) • p^)' 1 ) = 1 + £ b kP ~ ks 

k=2 

with bk G C. Since the eigenvalues of p(Frob p ) are roots of unity, the b k can be 
bounded independently of p £ S. This proves (2). □ 

Lemma 4.7. Let X be a smooth quasiprojective variety defined over Q 
which is irreducible over Q. Let d be the dimension of X. There exists 8 6 R 
such that for almost all primes p 

|card(X(F p )) - l P {X)p d \ < 5p d - 1/2 

and l p (X) > for a dense set of primes. 

Proof. Let Y be a smooth quasiprojective irreducible variety over ¥ p which 
is not absolutely irreducible. Then Y(¥ p ) is empty. To prove this let Y = 
Y\ U ■ ■ ■ U Y r be the decomposition into irreducible components over ¥ p . The 
Galois group of ¥ p over F p acts transitively on the set of components Yi,...,Y r . 
So an Fp-point of Y would be contained in every component. If there is more 
than one component then it is a singular point of Y. But Y was assumed to be 
a smooth variety. Hence no such F p -point can exist. 

Let Y be now a smooth quasiprojective, not necessarily irreducible variety 
over F p and let Y = Y\ U ■ ■ ■ UY r be the decomposition into the disjoint union of 
the irreducible components over F p . Let them be ordered such that YJ., . . . , Y\ 
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are absolutely irreducible and YJ+i, . . . ,Y r are not. Then the above argument 
shows that 

card(y(F p )) = card(Yi(Fp)) + • • • + card(y ; (F p )). 

The statement of the lemma follows for all primes p such that reduction 
mod p of X is smooth by the Lang- Weil estimate (see Proposition 4.4). Note 
the irreducible components of X all have dimension d, the dimension of X, be- 
cause the irreducible components over ¥ p can be obtained from the irreducible 
components of X over Q by reduction mod p as explained above. 

The fact that l p (X) > for a dense set of primes follows from the proof 
of the previous lemma. □ 

We can use Lemma 4.7 to estimate the size of c p j. Recall that this is the 
number of points mod p on Ei \ UjgT\J Ej where Ei = f] ie j E{. 

Let Fi : k, k 6 Cj, be the irreducible components over Q of Ej with maximal 
dimension di say. We show later (see Proposition 4.13) that dj = m — \I\. 

Lemma 4.8. The dimension of every irreducible component of Fi^ n 
UjeT\/ is strictly smaller than dj. (If Fj has dimension zero then this means 

that Fj nlj j £T \j Ej is the empty set, which by convention has dimension — oo.) 

Proof. This follows since the Ei have normal crossings. □ 

Since the dimension of Ej n U/eTU ^ s strictly smaller than di, this 
implies that there exists some 8' > such that for almost all primes p 

c p,i ~ cardF /jfc (F p ) 

But now this together with the Lang- Weil estimate in Lemma 4.7 implies: 

Proposition 4.9. There exists 6 G M such that for almost all primes p 

\c p ,i- J2 lp{F hk )p dl \<5p d '- l l 2 
ked 

and l v {Fi^) > for a dense set of primes p. 

We make the following definitions for k 6 W and p ^ Q: 

z km = c -^ P - m (P-i)^ n / - { A.. + Bv 

a pfi jeM k l ~P {A i s+B i> 

dh = dj and 1^ = I if k € Wj. 

If dk > then put 
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a k = max j i±^±L^_^^ , z3> for , e Mfe and ^ ol . 

If dk = — oo, i.e. c Pt k = for almost all p, then put ctfc = — oo. 

To analyse the convergence of our Euler product we use the following basic 
facts: 

(A) An infinite product Y\ ne j (1 + a n ) converges absolutely if and only if the 
corresponding sum J2neJ \ a n\ converges. 

(B) J2 P prime l^~ S l converges if and only if 3?(s) > 1. In fact if V is a dense set 
of primes we also have that J2 P ev \p~ s \ converges if and only if 9J(s) > 1. 

(C) The Lang- Weil estimate in Proposition 4.9 means that a sum of the form 

^ c p,i r p 
p 

converges absolutely if and only 

p 

converges absolutely. Note that we are using here the fact that l p (Fi^) 
is nonzero with positive density. 

The following lemma collects some relevant information about the con- 
stant a Pi o with which we are normalising our integrals: 

Lemma 4.10. (1) a pfi = lim^oo Z v {s,p). 
(2) 



a P ,o = I , lfo(x)| \dx\ . 

J{xezjj i :^(x) is valid and / (x)ez* V 

(3) For each I C T, W[ denotes the set of those k for which J2jeM k Aj / 0. 
Then for almost all primes p 



a P ,o = Y,p- m cpj E (p-i)' 7 ' II -t^b- 



Let To be the subset ofT consisting of those i for which iVj(/o) = 0. Then 
W[ = % fori C T . 

(4) There is an integer N > 1 and a constant C > such that for all 
primes p 

1 > a P ,o > 1 - Np' 1 - Cp- 3/2 . 

(5) There exists M £ N such that for almost all primes p 

1 < a~l < 1 + Mp' 1 / 2 . 
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Proof. Most of this is obvious. For (4) note that for almost all p, |go( x )| 
< 1 on Z™ and 

Z™3{xeZ p ra : V(x) holds in Z p and / (x) GZpj . 

Hence from the description of a P) o in (2), a Pi o < 1- 
Let r(x) := p (x)/o(x)/i(x) • • • //(x) and 

L:={x£Z; : r(x) € pZ p }. 

Note that ^( x ) and /o(x) G Z* are valid on the complement of L in Z™ and 
also that |<7o( x )| = 1 on this complement. 

The equation r(x) = defines a Q-defined hypersurface in m-dimensional 
affine space unless it is the empty set in which case the estimate is trivially 
valid. There now is an integer N > 1 so that the number of irreducible 
components of the reduction of this hypersurface modulo p which are absolutely 
irreducible is < N. From the Lang- Weil theorem we know that the complement 
of L in ZL 71 contains > p m — Np m ~ 1 — Cp m ~ 3 / 2 cosets modulo pZ p . Since each 
coset has volume p~ m and since |go( x )| = 1 on this complement the estimate 
follows from the formula for a Pi o m (2)- (Of course there is a difficulty in 
defining the reduction modulo p if the denominators of the fa and gi are not 
prime to p. We have to exclude finitely many primes p, but the N and C can 
be chosen to ensure that the estimate holds for all p.) 

Finally for (5), the estimate in (4) implies that there is a constant T such 
that a Pi o > 1 — Tp^ 1 for all but finitely many primes p. Hence for almost all p: 

1 , , ..-1/2 Tp-V* 



a. 



i<^-T = l+p- 1/2 - 



Since if Tp -i goes to as p goes to infinity the estimate follows. □ 

Lemma 4.11. For k £ W', at is the abscissa of convergence of 

H(l + Z k , p (s)). 

-(Ajs+Bj) 

Proof. First note that each term ^' converges absolutely if and 

only if »(a) > 



Suppose that for some I G M k for which Ai / 0, 

-Bi l + d k -m + \I k \ - EjGM fc Bj 



To prove that a k is the abscissa of convergence it will suffice in this case to 
show that 

(4.3) eh)""V n 
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converges absolutely for 5R(s) > a^. Since (l — p~( A i s + B i)\ is a positive 



decreasing sequence as p increases for 3?(s) > if Aj / 0, it suffices to show 
that 



(4.4) J2(p-l) lIkl —P~ m P ( E ^ AjS+Bj 

converges absolutely. 

Prom Lemma 4.10 (5), a~Q < \+Mp~ 1 / 2 . Hence (4.4) converges absolutely 
provided 

Eb-i) l4l w ->fc eM/3S+Bj ) 



converges. This sum converges absolutely (by the Lang- Weil argument (C)) if 

1 + 4 - m + 1 4| - EjgM fc Bj 



K(s) > 



This is the case since 5ft(s) > > 



1+dfc-m+IJfcl-X) 



l+dfe-m+l-Tfel-^ _ B . 
Suppose now that = ^ -p — J — > for all ? G 

Now there exist e > 0, <$i, #2 > such that — e > for all j £ 
and for R(s) > — e and all primes p: 

1 < n ( : - p~ (Afc ^ <,+B *-^ ) )~ 1 < i + hp~ 52 - 

jeM k 

Hence, when we combine this with Lemma 4.10 (5) and our Lang- Weil argu- 
ment (C), for 3J(s) > ak — e the sum (4.3) converges absolutely if and only if 
the sum 

J2(p - i)^p dk P - m P ~(^ jeM k Ajs+Bj ) 

converges absolutely, i.e., if and only if 3?(s) > a^. This completes the proof 
that ctk is the abscissa of convergence of YI p ^q (1 + Z^ p (s)). □ 

Corollary 4.12. The abscissa of convergence of Zd(s), «x>, is equal to 

max{{a fc : k G W'} U {j3 p : p G Qi}} 

where (3 P £ Q is the abscissa of convergence of the exceptional local factor 
P p (p~ s ) where Q\ is the set of bad primes. In particular, ax> is a rational 
number. 

We shall improve this description of a© in Lemma 4.15. 
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The next task is to show that we can meromorphically continue Zx>(s) a 
little beyond > a-p to allow an application of the Tauberian theorem. 

The first step is to show that the maximal value of a k as k varies over the 
set W C W (where recall W indexes the open simplicial pieces R k of ) is 
realised only by the one-dimensional simplicial edges, i.e. k G {1, ...,<?}. 

The essential fact that we shall use here is the following: 



Proposition 4.13. For k G W, d k = m 



i-k ■ 



Proof. Each Ei is of dimension m — 1. Since the E± intersect with normal 
crossings, the irreducible components of f\ e i k Ei have dimension d k = m— \I k \. 
For further details see the proof of Theorem 2.4 of [5] or 17.F of [33]. □ 

This already gives a much simpler description of a k ■ 

Corollary 4.14. (1) For k G W, 

a k = max { 1 ~ EieM ^ J , ^ for j G M k and A j ± ol . 

[ l^j£M k A j A 3 J 

(2) Ifk€ W'n{l,...,g} tfien 

1-Bit 



Lemma 4.15. 

= max {a k : G W'} = max {a^ : k G W' fl {1, . . . , q}} 

and a k < ax> if k > q. 

Proof. The first fact to point out is that since the abscissa of convergence 
of the local factors (3 P for the bad primes p is one of —B k /A k for k G W n 
{!,•••,<?}, 

ax> = max{{a fc : k G W'} U {/3 p :p G Qi}} 
= max{«fc : G VF'} 

by (2) of the previous corollary. The rest follows once we can show that for 
k > q and k G W 

(4.5) i-^M^ < max 1 1_^ : . g ^ n w ,l 

Recall the definition of W' from Lemma 4.10 that k G W if J2jeM k A? / °- 
We note that if j G then j G since 

1 ~ EjgM fc -^j < 1 ~ J2j&M k nW B i 
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We may suppose without loss of generality that \M^\ = 2, < 1 ^ 1 and 

that Ai and A 2 > 0. Then 

l-(Bi + B 2 ) 1 - B! 
A Y + A 2 A x 

if and only if 

Ai - AxBi - A X B 2 < A x + A 2 - A X B X - A 2 B X . 

But our assumptions that 1 ^ 2 < and A 2 > imply this second 

inequality. This confirms statement (4.5) and hence the lemma. □ 

Theorem 4.16. Y[ piQ (l + £J=i Z jjt (sj) has a meromorphic continua- 
tion to 5ft(s) > a© — 5 /or some 5 > 0. 

Proof. Define 

= |fc€Wn{l,...,(z}:^^=ai,|, 

w = n i 1 - c P , k p- m+ ^ P - {Aks+Bk) ) . 

keR 

For convenience, define Zj p (s) = for the finite number of primes p € Q. 
Hence HrfQ (l + EJ=i Z hP {s)) =Y[ p (} + EJ=i Z hP (s)) ■ 

We introduce the following notation which will be convenient during the 
course of the proof. Write \~\ p F p (s) = \~\ p G p (s) if there exists 5 > such that 
J2 P (F p {s) — G p (s)) converges for 9i(s) > ap — S. To prove the lemma it will 
suffice to prove the following: 

(1) Yl p V p (s) is a meromorphic function on > a© — 5 for some 5 > 0. 

(2) Tip (l + EJ=i ^j,p(s)) ^p(s) = 1; i-e., the Euler product converges on 

> — (5 for some S > 0. 

We prove (2). It will be convenient to note the following fact: suppose that 
for s > old — S, the function X p (s) as p — > oo is a positive decreasing sequence. 
If I\ p F p (s) = U p G P (s) then U p F p (s)X p (s) = U P G p (s)X p (s). 

By Lemma 4.15, U P (l + EJ=i Z jtP (sj) = U P U + E fce i? • Recall 

the definition of Zk tP (s) for /e G {1, ... , and p £ Q: 

Note that E P c P ,kP~ m+ ^ Ik ^ ^— rpplqrg^j converges on 5R(s) > a© — <J for some 
5 > 0. This follows because (l — p - ( i4 fc s+s fc)^ is a positive decreasing se- 
quence and ^ < ■ Putting this together with our analysis on the 
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estimate for a pfi we see that Up (1 + J2keR z k{s)) = U p (l + Efcei? Z k( s 
where, for all p now, 

^k~J^) = c Ptk p~ m+ ^p- {AkS+Bk) . 

Hence we have 

(4.6) np+E^vpw) - nfi+E^) 

p \ j=i / v \ keR 

Now 

(4.7) 

n w - n fi - e Cp ^- m+i/fci P- (Afcs+ ^ )N ) = n ( i - e 

p p \ fceR / p \ keR 

since ^^.Z^*^ < ^^ft for t > 1 and kj,k e R. Now from (4.6) and (4.7) 
we obtain 

np+E^w) w = nfi+E^)) (i-E^) 

p \ j=i / p V j=i / V keR 

= nfi + E^M] (i-E^w 

p \ fceR / \ fceR 

Here we use the fact that £™ =1 ^(s) and Y,keR c P ,kP~ m+lIkl P~ (AkS+Bk) are 
both decreasing positive sequences as p — ► oo. Finally the fact that A \ A k2 
< A ki implies that 

nfi+E^>)] (i-E^w) ^ l 

p \ fcei? / \ fcei? / 

Hence we have proved (2). 

For the proof of (1) note that by Proposition 4.9 

n (i - ^ k p- m ^\p- {Aks + Bk) ) 

p prime 

= n f 1 - e i P (F Ikd )p d *p- m+ ^p-^ s+B ^ 

p prime \ jeCj 

-n n {i-ip{F h ^ Aks+Bk) ). 

j^Ci p prime 

Hence the fact that Y\ p V p (s) is meromorphic on K(s) > oiv — 5 for some 5 > 
follows from Lemma 4.6. This completes the proof of Theorem 4.16. □ 
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To prove our main theorem about the growth of the coefficients in a Dirich- 
let series defined as the Euler product of cone integrals over Q, we can now 
apply the Tauberian theorems. First of all, an easy consequence of the Hardy- 
Littlewood-Karamata Tauberian theorem as formulated in [38, §7.3, Th. 5] is 
the following: 

Theorem 4.17. Let F(s) = ^2^=1 &n n ~ s be a Dirichlet series convergent 
for s £ C with 3?(s) > a > 0. Suppose that a n E R and a n > for all n E N. 
Suppose further that 

F(a) = (c + o(l))(a-a)- w 
for a E R, a > a and a — > a. Then, 

N 

E (log AO™ 

F(w + 1) { 8 ' 

n=l v ' 

for N — > oo. 

This theorem implies: 

Corollary 4.18. Let Z(s) = Y^=i a n n ~ s be defined as an Euler product 
of cone integrals over Q. Suppose Z(s) is not the constant function. 

(1) The abscissa of convergence a of Z(s) is a rational number and Z{s) 
has a meromorphic continuation to 5R(s) > a — 5 for some 5 > 0. 

(2) Let the pole at s = a have order w. Then, 

N 

- C - -(logATT 
T(w + 1) K ' 

for N — > oo and some real number c E R. 

Another Tauberian theorem that we can apply is Ikehara's theorem as 
formulated on page 62 of [2]: 

Theorem 4.19. Suppose F(s) = \ J °° e' st dA{t) for »(a) > a > 0, 
A(t) > 0. Suppose further that in a neighbourhood of s = a 

F(s)=g(s)(s-a)- w + h(s) 

where g and h are holomorphic and g(a) ^ 0. Assume also that F(s) can be 
holomorphically continued to the line = a except for the pole at s = a. 
Then 

Ait)^ y e^-\ 

In our case, A(t) = Ei og n<t a n and f( s ) = T^=i a nn~ s = sF{s); then 
substituting t = logx we get: 
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Theorem 4.20. Let the Dirichlet series f(s) = Y^Li a n n~ s with non- 
negative coefficients be convergent for > a > 0. Assume in a neighbour- 
hood of a, f(s) = g(s)(s — a)~ w + h(s), holds where g(s), h(s) are holomorphic 
functions, g(a) ^ and w > 0. Assume also that f(s) can be holomorphically 
continued to the line = a except for the pole at s = a. Then for x tending 
to infinity, we have 



n<x 



\aT(w) 



To apply this Tauberian theorem we shall need the following facts about 
the Artin L-function: 

PROPOSITION 4.21. Let G be the absolute Galois group of Q and p : G 
— > GL(V) be a continuous finite- dimensional complex representation ofG. Let 

1 



L(p,s) :=[] 



P de Vf (1 - p(Frobp) • p s ) 

be the corresponding Artin L-function defined as an Euler product over all 
primes p {see [32]). Then the following hold: 

(1) The poles of the Euler factors of L(p,s) are on the line 9t(s) = 0. 

(2) The Dirichlet series L(p, s) converges for > 1 and has meromorphic 
continuation to all of C. 

(3) The extension of L(p, s) has no pole or zero on the line 3ft(s) = 1 except 
possibly in s = 1. 

Proof. Properties (1) and (2) are well known; see [32]. To prove (3) note 
that by the Brauer induction theorem (see [32]) and by class field theory, there 
are Hecke characters xi> • • • > Xk and ip± , . . . , tpi of appropriate number fields 
such that 

T( n L(xi,s) ■ ■ ■ L(xk,s) 
MP ' Sj L{^ S )...L{^sY 

The Hecke L- functions appearing in this formula have the desired property 
(3) (see [28, Ch. 15, §4] and [3, Ch. 13] for the case of trivial characters). □ 

We deduce from this proposition something about our Euler products. 

Corollary 4.22. Let Zj)(s) = Y^=i a n n~ s be defined as an Euler prod- 
uct 

Zv{s)= J] ( a P,o ■ z v{s,p)) 

p prime, a Pj0 ^o 

of cone integrals over Q. Suppose Zu{s) is not the constant function. 
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(1) The abscissa of convergence a = ax> of Zz>(s) is a rational number 
and Zz>(s) can be holomorphically continued to the line 5R(s) = a except for 
the pole at s = a. 

(2) Let the pole at s = a have order w. Then there exists some real number 
c£K such that 



as N — > oo. 

Proof. The proof of Theorem 4.16 established that Zx>{s) is the product 
of Artin L-functions and a Dirichlet series convergent for 9ft(s) > a© — 5 for 
some 5 > 0. Note that for those primes p £ Q\ with bad reduction, our explicit 
expression (3.2) implies that (3 P < ax> where f3 p was the abscissa of convergence 
oiZ v (s,p). □ 

It was important to establish that the abscissa of convergence of the local 
factors is strictly to the left of old- For example the coefficients of £(s)-(l— p s_1 ) 
do not satisfy an asymptotic formula of the form (4.8). This was pointed out 
to us by Benjamin Klopsch and Dan Segal. 

Note that we do not know anything about the possibility of other poles in 
the region a = 3ft(s) > a — 5 other than the one at s = a. This is because we 
have used Artin L-functions to do our meromorphic continuation. However it 
is conjectured that these Artin L-functions actually have this one pole and no 
others (see [32]). 



In this section we show that the zeta functions of finitely generated nilpo- 
tent groups are essentially Euler products of cone integrals over Q. 

To simplify our analysis of subgroups and normal subgroups we use the 
following notation: Cg( s ) = Cg( s )- 

The following extends a result in [24]. It will allow us to concentrate on 
counting in rings rather than in groups: 

Theorem 5.1. Let G be a finitely generated nilpotent group. Then there 
is a subgroup of finite index Gq and a Lie algebra L(Gq) over Z constructed as 
the image under log of Go such that: 

(1) For * G {<,<} and almost all primes p 



(4.8) 



a\ + a 2 H h a N ~ c • N a 



(log iV) 



Ml — 1 



5. Nilpotent groups 
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primes p 

a* p (G) = a*(G ) = a*(L(G )). 

Proof. Part (1) follows from Section 4 of [24]. The same paper contains a 
proof (of Proposition 1.8) that the abscissa of convergence is a commensura- 
bility invariant which implies that a*(G) = a* (Go). (Note that the statement 
of Proposition 1.8 is slightly weaker applying to torsion-free nilpotent groups, 
but the proof suffices to establish that a*(G) = a* (Go).) A similar (slightly 
simpler) argument shows that if L$ is a Lie subring of finite index in L then 
a*(L) = a* p (L ). 

We shall deduce the remaining equality (a* (Go) = a*(L(Go))) from Propo- 
sition 5.2 below. We shall explain this argument together with the construction 
of Go from G. We consider the prime p to be fixed and write G p for the pro-p 
completion of G. We have a*(G) = a*(G p ) and a*(L) = a*(L ® Z p ) (L a 
Lie algebra). The abscissas of convergence a*(G p ), a p (L <g) 7L p ) are those of 
the power series (in p~ s ) counting open subgroups, open subalgebras of finite 
index respectively or open normal subgroups and open ideals of finite index. 
We may now replace G by Go chosen so that Go p is a uniform pro-p group (see 
[7]). The result now follows by a straightforward application of the proposition 
below. □ 

The following proposition is due to Dan Segal. We cordially thank him 
for the permission to include its proof here. Let G be a pro-p group and L be 
a finitely generated Lie algebra over Z p . We write in accordance with previous 
notations s-^(G), s^(L) for the number of open subgroups, open subalgebras of 
index at most p n in G, L respectively, and s^(G), s*(L) for the corresponding 
numbers of open normal subgroups of G, open ideals of L. We shall use without 
special mention the results of [7, §9.4], concerning the correspondence between 
powerful Lie algebras and uniform pro-p groups. Note in particular that L = 
log G is a powerful Z p -Lie algebra for any nilpotent uniform pro-p group G (see 
[7, §9.4]). 

Proposition 5.2. Let G be a nilpotent uniform pro-p group and define 
L = logG to be its Lie algebra. There exist a,b,B,D £ N, an open normal 
subgroup G\ of G and an open powerful subalgebra L\ of L such that, for all 
n, 



(5.1) s^(L) < s^ +a (G) 

(5.2) s${G) < Bs^ +b (L) 

(5.3) s« n (L) < <(Gx) 

(5.4) <(G) < DsKL,). 
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Proof. Say G has nilpotency class c and dimL = r. We put p = p if p is 
odd, p = 4 if p = 2. 

(5.1) . If A is an open subalgebra of L then pA is powerful so H(A) 
:= exp(pvl) is a uniform subgroup of G, and 

|G:fl"(A)| = |L:pA|=p r |L:A|. 

Since ^4 i-> is one-to-one it follows that s^(L) < s^ +a {G) where a = r if 

p is odd, a = 2r if p = 2. (This part does not depend on G being nilpotent.) 

(5.2) . There exists / G N such that for each open subgroup i7 of G, 
the subgroup is uniform ([7, Prop. 3.9 and Thm. 4.5]). Then M(H) 
:= log(H pl ) is a powerful subalgebra of L, and 

|L : M(H)\ = G : H pf <p h \G: H\ 

where b = jr. The mapping H ^ M{H) need not be one-to-one; we show 
that its fibres have bounded order. The subgroup H is contained in 

and Hi is generated by elements x such that x p 6 -£P , which implies that 
flf < H pf <H where m = c(c + l)//2 ([35, Chap. 6, Prop. 3]). The group 
H\/H p has order at most p mr and rank at most r, hence contains at most 

2 

p mr subgroups. Hence the number of subgroups H corresponding to a given 
M(H) is at most p mr \ and it follows that s|(G) < Bsf i+b (L) where 5 = p™ -2 . 

(5.3) . This depends on the 'commutator Campbell-Hausdorff formula' (see 
[7, §6.3]): for h, x £ G with log fa = a, logx = u we have 

(5.5) log[/i, x] = (a, u) + Qe(a, u)e, 

where each (a, u) e is a repeated Lie bracket involving at least one a and one u, 
the g e are rational numbers depending only on e, and the sum is finite since 
L is nilpotent. Fix / e N so that p^q e € for each e (and assume that / > 2 
ifp = 2). Now put Gi = G p/ . 

Let / be an open ideal of L. Then p?I is a powerful Lie subalgebra of L, 
so H(I) := exp(p^J) is a uniform subgroup of G, contained in G±. Moreover, 
applying (5.5) with h G H(I) and x = y p G Gi we see that 

log[h,x] = (a,u) + ^p n(e)/ ^(a,logy)e G j// 

where n(e) denotes the number of occurrences of u in (a,u) e . It follows that 
H(I) is normal in G\. Also 



|Gi : il(/)| = logGi :p f I = p f L : p f I 



= \L: I\. 



As I H(I) is one-to-one this shows that s^(L) < s^(Gi). 
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(5.4). According to [7, Prop. 3.9], G has an open normal subgroup G\ 
such that whenever T is an open normal subgroup of G contained in G±, T is 
powerfully embedded in G\ (i.e. [T, G±] < T p ). In particular, T is a uniform 
group. By a result of Shalev (see [7, Exercise 2.2(iii)]) we then have 

[TP n ,Gf] < [T, Gi] p2n < T p2 " p 

for all n G N. This implies that for x G T and y G G\ we have 

(log x, logy) G plogT, 

by [7], Lemma 7.12. It follows that logT is an ideal of L\ = logGi. 
Now to each open normal subgroup N of G we associate 

I(N) := log(iVnGi). 

The preceding paragraph shows that I(N) is an ideal of L\, and we have 

|Li : I(N)\ = |Gi : JVnGi| < |G : iV|. 

It remains to bound the fibres of the mapping N I(N). Given 
N n Gi = Ni and NG\ = N2, the number of possibilities for N is at most 
|Hom(iV2/Gi, Gi/N±)\ . Say p k is the exponent of G/G\. Since every charac- 
teristic subgroup of G\/N\ is powerful, Exercise 2.5(d) of [7] shows that the 
elements of order dividing p k in G\/N\ form a subgroup E^{Gi/N\) = E, say; 
also E is powerful and has rank at most r, so \E\ < p kr . Since G/Gi also has 
rank at most r it follows that 

|Hom(iV 2 /Gi,Gi/^ 1 )| = |Hom(AT 2 /Gi,£)| <p kr \ 

We conclude that the number of normal subgroups N of G giving rise to a given 
I(N) is at most D = D\p kr where D\ is the number of normal subgroups in 
the finite group G/Gi, and it follows that s«(G) < Ds^(Li). □ 

The finitely many exceptional primes in Theorem 5.1 will not worry us 
thanks to the following result, proved first for torsion-free nilpotent groups in 
[24] and more generally by the first author in [8] : 

Theorem 5.3. Let G be a finitely generated group of finite rank. Then, 
for * G {<, <} and for each prime p, Ccp( s ) * s a rational function. 

Recall that a group G has finite rank if there is a bound on the number 
of generators of finitely generated subgroups; for example this holds if G is a 
finitely generated nilpotent group or more generally a polycyclic group. 

The proof of the rationality of the local factors depended on expressing 
them as "definable" p-adic integrals. We recall the description of these integrals 
in the case of a ring L which is additively isomorphic to Z, d . Fix a basis for 
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L which identifies it with 7L d . The multiplication in L is given by a bilinear 
mapping 

: Z d x Z d -► Z d , 

which extends to a bilinear map Z^xZ^ Zp* for each prime p, giving the 
structure of the Z p -algebra L p = L <g> Z p . 
Define 

v < = { (m kl ) G Tr d (Z p ) : for 1 < i, j < d, 3Y±, . . . , Yjj G Z 
p | such that /3(mj, m,-) = Efc=i ^ m fe 

and 

f (m fcJ ) G Tr d (Z p ) : for 1 < i, j < d, 31^}, . . . , Y* G Z ? 
p \ such that /3(mi, ej) = ELi >i*m fc 

where Tr^ (Z p ) denotes the set of upper triangular matrices. Each subset con- 
sists of matrices whose rows rrij generate a lattice in Z d which is either a 
subalgebra or an ideal. The d tuple ej denotes the standard unit vector with 1 
in the j th entry and zeros elsewhere and corresponds to the j th basis element. 

PROPOSITION 5.4 ([24, Prop. 3.1]). For * G {<,<} and each prime p 

Cl» = (1 " P~ V / \miir 1 ■ ■ ■ \m M \- d \dx\ 
Jv; 

where v is the valuation on Z p , \m\ = p~ v (™> and \dx\ is the normalized additive 
Haar measure on Z^ d+1 ^ 2 = Tr^ (Z p ) . 

The proof of the rationality of these p-adic integrals relies on observing 
that V* are definable subsets in the language of fields. One can then apply 
a theorem of Denef's [4] which establishes the rationality of definable p-adic 
integrals. Denef's proof relies on an application of Macintyre's quantifier elim- 
ination for the theory of Q p which simplifies in a generally mysterious way the 
description of definable subsets like V*. However in our case it is possible to 
do this elimination by hand since it involves solving linear equations. This 
removes the necessity for the model theoretic black box in the proof of the 
rationality. 

Theorem 5.5. Let L be a ring additively isomorphic to R d where R = Z 
or Z p . For * G {<,<} there exist homogeneous polynomials 

g* jk (X) G R[X rs :l<r<s<d] 

(i,j, k G {1, . . . , d}) of degree k for * = < and k + 1 for * =< such that 

V* = | (m rs ) G Ti d (Zp) : v(m u • • • m kk ) 

< v{g* jk {m rs )) fori,j,k€ {!,... ,d} }. 
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Proof. We can express the denning conditions for V* in matrix form which 
makes things quite transparent. Let Cj denote the matrix whose rows are 

M G Vp if we can solve for each 1 < i, j < d the equation 



m, 



■(-;, (y,j y;')u 

with (y^, . . . , Y-^j G Zp. Let M' denote the adjoint matrix and 

= M'diag^ 1 ■ ■ ■ . . . , 1). 

Then since the matrix M is upper triangular, the ik th entry of is a homo- 
geneous polynomial of degree A; — 1 in the variables m rs with 1 < r < s < k — 1. 
Then we can rewrite the above equation as: 



m 



C j M*=(m 11 Y±,...,rn 11 ---m dd Y$). 



Let gfj k (m rs ) denote the k th entry of the d -tuple mjCjM^ which is a homoge- 
neous polynomial of degree k in m rs - (In fact we can see that it is homogeneous 
of degree 1 in rrii s ( s = 1, . . . , d) and degree k—1 in m rs with 1 < r < s < k—1.) 
Then Vp has the description detailed in the statement of the theorem. 

For M € Vp- we are required to solve for each 1 < i, j < d the equation 



mi 



]T mjiCi j = (mnYl, ...,m u --- m dd Y^j 

<l=3 J 



with (Y±,. . . ,Yjfj e Ip 1 . Let gf jk {m rs ) denote the k th entry of the d-tuple 

uii (j2f=j m jiCij which is a homogeneous polynomial of degree k + 1 in 
m rs . Again with these polynomials, V p - has the description detailed in the 
statement of the theorem. □ 

Now, our theorem has the following corollary stating that the local zeta 
functions of the ring L can be represented by cone integrals over Q: 

Corollary 5.6. Let ijj* be the cone condition defining V* . Set /o = 
mn • • • rndd and go = mf^ 1 ■ ■ ■ ma-i^-i- Let V* be the associated cone integral 
data. Then 

(l P (s) = (l-p- 1 )- d Z v «(s-d,p). 

We know that the constant term of Zx>* (s — d,p) must be (l—p~ l ) d since 
C£ p (s) has constant term 1. So, by Theorem 5.1 (1) the global zeta function 
Cg( s ) i s the Euler product of the cone integrals up to multiplication by a finite 
number of rational functions in p~ s . Note that the abscissas of convergence 
of these finite numbers of rational functions are strictly less than the abscissa 



ANALYTIC PROPERTIES OF ZETA FUNCTIONS 



829 



of convergence of this Euler product by Theorem 5.1 (2) and the observation 
of the previous section that the abscissa of convergence of each Zx>*(s,p) is 
strictly less than the abscissa of convergence ajy* of Zjy*(s). This is important 
in application of the second Tauberian theorem of the previous section since 
we must guarantee that there are no poles creeping in from the exceptional 
local factors which lie on = op*. Hence we get as a corollary of our work 
on the zeta functions defined as Euler products of cone integrals the following: 

Theorem 5.7. (1) Let G be a finitely generated nilpotent infinite group. 
Then there exist finitely many varieties Ei, i £ T, defined over Q sitting in 
some Q-scheme Y and rational functions Pi(x,y) £ Q(x,y) for each I C T 
with the property that for almost all primes p 

(5-6) Cg, p {s) = Y. c pMp^ S ) 

ICT 

where 

Cpj = card{a 6 Y(¥ p ) : a 6 Ei if and only ifiel} 
and Y means the reduction mod p of the scheme Y. 

(2) The abscissa of convergence a*{G) of Cg( s ) ^ s a ra ti° na l number and 
Cg( s ) has a meromorphic continuation to > a*(G) — 5 for some 5 > 
with the property that on the line $l(s) = a*(G) the only pole is at s = a*(G). 

(3) There exist a nonnegative integer b*(G) G N and some real numbers 
c, d G M such that 

s% a * (G) (G) = al{G)+a* 2 {G)2- a *^ + ---+a* N {G)N- a * (G ^ 

~ c-(logiVf( G )+ 1 

s* N (G) ~ c-iV«*(G) (log N f(G) 

as N — > co. 

Recall that in (1) the irreducible varieties arise from the resolution of 
singularities of F, the product of all the polynomials defining the cone integral. 
Let us identify this F = F£ explicitly for the cone integrals defining the zeta 
function of the Lie algebra L = L(G) of G. The polynomial depends on a choice 
of basis for L which identifies it with 7L d . Let multiplication in L be given by 
the bilinear mapping j3 : Z rf x Z d — > Z d . Let Cj denote the matrix whose rows 
are Cj = 0(ei,ej). Let M = (m^) be a d x d upper triangular matrix and 

= M'diag(m^ 2 1 • • • , . . . , , 1) where M' denotes the adjoint matrix 
of M. 

Definition 5.8. (1) F^(mjj) is defined to be the product of 

(d*+i)d (d 2 +i)(d-i+i) (d 2 +i) 
m n '" m u "' m dd 

with all the entries in the d matrices MCjM^ for j = 1, . . . , d. 
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(2) F^(rriij) is defined to be the product of 

(d 2 +i)d (d 2 +i)(d-i+i) _(d 2 +i) 

m n m a m dd 

with all the entries in the d matrices M (j2k=j m jkCkj for j = 1, . . . , d. 

The expression +1 ^ d • • • m\ d +1 ^ d . . . m d d d arises from the prod- 
uct of the two monomials in the integrand fo = mn ■ ■ ■ m^d and go = mfi 1 
• • • nid-id-i and the monomials fyk = mn • • • m^k for i,j, k G {1, . . . , d} . 

Definition 5.9. For a finitely generated nilpotent group G we define the 
polynomials F G = Fl(G) ^ or * G {^j^}) where L[G) is the associated Lie 
algebra of G. 

Again there is some choice involved in the definition of the Lie algebra 
L{G) as it is the image under log of some subgroup of finite index in G. However 
up to finitely many primes, the explicit formulas associated to the cone integrals 
will be the same for polynomials Fq = -F^^ arising from different choices of 
Lie algebra and basis for the Lie algebra. We refer the reader to the paper [21] 
of the first author and Loeser where the concept of motivic cone integrals is 
considered. This establishes that despite the many choices made on our way 
to the explicit expression (5.6), the expression is canonical. This is used in [12] 
to canonically associate to each nilpotent group a subring of the Grothendieck 
ring generated by the system of varieties E{ (i £ T). 

Although we know that the constant term of the cone integrals is (1— p~ l ) d 
it is instructive to see what the analysis of the resolution corresponding to 
Fl(mij) tells us. The constant term corresponds to when the integrand is 
constant which occurs when fo = mn • • • mdd is a unit, i.e. for those bases for 
the whole group G. Let To C T (where T is the set indexing the irreducible 
components Ei) be defined as follows: if i G To then iVj(/o) 7^ 0. Note that if 
Niifo) = then Ni(g ) / since f = m n ■ ■ ■ m dd and g = mf^ 1 ■ ■ ■ m d -id-i- 
So those I C T with in To nonempty are precisely those that do not contribute 
to the constant term. So the constant term comes from those / C T\To. We 
analyse now the data in our formula associated to such /. If I C T\To then 
for i €. I, Ni(fo) = and since fijk = mn • • • mut this also implies that 
Ni(fijk) = 0. Hence there are no conditions on our subset since the conditions 
are 

r r 

J2 N ii(fijk)oTd(yi) < J2 N ii(9ijk)oTd(yi). 
1=1 1=1 

This implies then that wi = 1, m\ = m and A^i^i = and -Bfc,/,i = 1 for 
k = 1, . . . , m. This is the same as the case that 1 = which we considered at 
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the end of Section 2. Hence the constant term is 



/CT\T 



We know of course what the constant term should be for this integral, namely 
(1 — p~ l ) d . Hence we get that 



This is the same size as the number of points over ¥ p in affine space of dimension 
m minus the hyperplanes defined by ma = 0. This means that the number of 
points has not changed outside of the union of hyperplanes ma = after 
we have done the resolution. Does this mean that our variety is nonsingular 
outside this union of hyperplanes? 

We collect together here the present knowledge we have about the possible 
values for a*(G). Let G be a torsion- free, finitely generated nilpotent group. 
Let h denote the Hirsch length of the nilpotent group G and denote the 
Hirsch length of the abelianisation, h(G/G') . 

(1) K h < a«{G) < h. 

(2) (3 - 2y/2)h - \ < a^(G) < h. The lower bound, which for large h 
[h > 17) exceeds h/6, is due to Segal. The proof was extended by Klopsch to 
soluble groups of finite rank. 

(3) If G has class 2 put m = h{Z{G)) and r = h(G/Z(G)) where Z(G) is 
the centre of G. Then it is proved in [24] that 



(4) If H has finite index in G then a*(G) = a*(H) (Proposition 1.8 of 
[24]). ' 



The paper [24] contains a number of examples of zeta functions of class 
two groups calculated by Geoff Smith. There are some other examples cal- 
culated by Dermott Grenham which are recorded in [13]. In all these ex- 
amples a-(G) = ct < (G) = /i a b- However this reflects the paucity and small 
nature of the nilpotent groups so far considered rather than a general feature. 
The estimates in (3) show that for example if G = then h a ^ = 5 whilst 



In [19] we shall show that the zeta function counting all subgroups in the 
free class two nilpotent group F| on three generators has abscissa of conver- 
gence at a-(F|) = 7/2. In particular this is the first example of a group for 
which the abscissa of convergence is not an integer. 




/CT\T 



l/2(m + r^ 1 ) < o^G) < max{/i ab , h(l - r" 1 )}. 



h(Z(G)) = (I). Hence 



o^f!) > l/2(m + r _1 ) > 5. 
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At present we do not know anything about the order of the poles of Cg(s)- 
Our analysis above might help in giving a bound in terms of the Hirsch length 
since the pole at the abscissa of convergence has order given by the number of 
times we need to multiply by the Artin L-function. This is determined by the 
number of irreducible components of Ej as / C T. The other interesting issue 
is some interpretation of the residue at this pole. 

If the nilpotent group G is not torsion- free then Proposition 1.8 of [24] 
can be extended to show that a*(G) = a*(G/G tor ) where G7 tor is the (finite) 
set of all torsion elements of G. However if we just take a finite extension of 
a nilpotent group then we do not know very much about the change in the 
abscissa of convergence. Extending even the free abelian group by a finite 
group can have quite a dramatic effect on the movement of the poles of Cg( s )- 
As an example compare the infinite cyclic group Z where Cz(s) = C( s ) an d 
the infinite dihedral group Dqo where Cdoo( s ) = 2~ S C( S ) + C( s — !)• Extension 
by a finite group (here C2) therefore has quite a subtle effect on the lattice of 
subgroups even to the extent of changing the rate of polynomial growth. 

In [22] explicit examples calculated by John McDermott are recorded for 
the wallpaper groups which show the effect of extending 1? by a finite group. 
It reveals how sensitive the zeta function is as the nature of the poles varies 
dramatically. 

University of Cambridge, Cambridge, UK 
E-mail address: dusautoy@dpmms.cam.ac.uk 

Heinrich Heine Universitat, Dusseldorf, Germany 
E-mail address: fritz@math.uni-ducsscldorf.de 

References 

[1] V. I. Danilov, The geometry of toric varieties, Russian Math. Surveys 33 (1978), 97-154. 
[2] H. Delange, Theoremes tauberiens et applications arithmetiques, Mem. Soc. Roy. Sci. 

Liege, 16 (1955), 5-87. 
[3] H. Davenport, Multiplicative Number Theory, Springer- Verlag, New York (1980). 
[4] J. Denef, The rationality of the Poincare series associated to the p-adic points on a 

variety, Invent. Math. 77 (1984), 1-23. 
[5] , On the degree of Igusa's local zeta function, Amer. J. Math. 109 (1987), 991- 

1008. 

[6] J. Denef and D. Meuser, A functional equation of Igusa's local zeta function, Amer. J. 

Math. 113 (1991), 1135-1152. 
[7] J. D. Dixon, M. P. F. du Sautoy, A. Mann and D. Segal, Analytic Pro-p Groups, 2nd 

ed., Cambridge Studies in Advanced Maths. 61, Cambridge University Press, Cambridge, 

1999. 

[8] M. P. F. du Sautoy, Finitely generated groups, p-adic analytic groups and Poincare 

series, Ann. of Math. 137 (1993), 639-670. 
[9] , Zeta functions and counting finite p-groups, Electron. Res. Announc. A. M.S. 5 

(1999), 112-122. 

[10] , Zeta functions of s[ 2 (Z), Forum Mathematicum 12 (2000), 197-221. 



ANALYTIC PROPERTIES OF ZETA FUNCTIONS 



833 



[11] M. P. F. du Sautoy, A nilpotent group and its elliptic curve: non-uniformity of local zeta 

functions of groups, Israel J. of Math., to appear. 
[12] , Counting subgroups in nilpotent groups and points on elliptic curves, Max- 

Planck-Institut fur Mathematik Preprint Series 2000-86. 

[13] , Natural boundaries for zeta functions of groups, preprint. 

[14] , Counting finite p-groups and nilpotent groups, Publ. Math. IHES, to appear. 

[15] M. P. F. du Sautoy and A. Lubotzky, Functional equations and uniformity for local zeta 

functions of nilpotent groups, Arner. J. Math. 118 (1996), 39-90. 
[16] M. P. F. du Sautoy and F. J. Grunewald, Zeta functions of classical groups and their 

friendly ghosts, C. R. Acad. Sci. Paris 327, Serie 1 (1998), 1-6 . 
[17] , Zeta functions of groups: Zeros and friendly ghosts, Max-Planck-Institut fur 

Mathematik Preprint Series 1999-110. 
[18] , Analytic properties of Euler products of Igusa-type zeta functions and subgroup 

growth of nilpotent groups, C. R. Acad. Sci. Paris 329, Serie 1 (1999), 351-356. 
[19] , Counting subgroups of finite index in nilpotent groups of class two, in prepara- 
tion. 

[20] , Natural boundaries for Euler products of Igusa zeta functions, in preparation. 

[21] M. P. F. du Sautoy and F. Loeser, Motivic zeta functions of infinite dimensional Lie 

algebras, Ecole Polytechnique Preprint Series 2000-12. 
[22] M. P. F. du Sautoy, J. J. McDermott, and G. C. Smith, Zeta functions of crystallographic 

groups, Proc. London Math. Soc. 79 (1999), 511-534. 
[23] M. P. F. du Sautoy and G. Taylor, The zeta function of sh and resolution of singularities, 

Math. Proc. of the Cambridge Phil. Soc, to appear. 
[24] F. J. Grunewald, D. Segal, and G. C. Smith, Subgroups of finite index in nilpotent 

groups, Invent. Math. 93 (1988), 185-223. 
[25] J. -i. Igusa, Forms of Higher Degree, Tata Inst. Fund. Research, Bombay (1978). 
[26] , An Introduction to the Theory of Local Zeta Functions, Studies in Adv. Math. 

14, A.M.S., Providence, RI, 2000. 
[27] I. Ilani, Zeta functions related to the group SL 2 (Z P ), Israel J. of Math. 109 (1999), 

157-172. 

[28] S. Lang, Algebraic Number Theory, Addison- Wesley Publ. Co. Inc., Reading, MA (1970). 
[29] S. Lang and A. Weil, Numbers of points of varieties in finite fields, Amer. J. Math. 76 
(1954), 819-827. 

[30] A. Lubotzky, Counting finite index subgroups, in Groups '93 Galway / St. Andrews, Lon- 
don Math. Soc. Lecture Note Series 212 (1995), 368-404. 

[31] A. Lubotzky, A. Mann and D. Segal, Finitely generated groups of polynomial subgroup 
growth, Israel J. Math. 82 (1993), 363-371. 

[32] J. Martinet, Character theory and Artin L- functions, in Algebraic Number Fields 1-87 
(A. Frohlich, ed.), Academic Press, London (1979). 

[33] H. Matsumura, Commutative Algebra, W. A. Benjamin, Inc., New York (1970). 

[34] T. Ono, An integral attached to a hypersurface, Amer. J. Math. 90 (1968), 1224-1236. 

[35] D. Segal, Polycyclic Groups, Cambridge Univ. Press, Cambridge, 1983. 

[36] , Subgroups of finite index in soluble groups I, in Proc. of Groups- St. Andrews 

1985, London Math. Soc. Lecture Note Series 121 (1986), 307-314. 

[37] G. C. Smith, Zeta functions of torsion free finitely generated nilpotent groups, Ph.D. 
thesis, (Manchester (UMIST), 1983). 

[38] G. Tenenbaum, Introduction to Analytic and Probabilistic Number Theory, Cambridge 
Studies in Adv. Math. 46, Cambridge University Press, Cambridge (1995). 



(Received July 6, 1999) 



